In a round-dance neighbour design, an odd number v of objects is arranged successively in (v − 1)=2 rings (circular blocks) such that any two of the objects are adjacent to one another in exactly one ring. A round-dance neighbour design is also a Hamiltonian decomposition of the complete graph on v vertices. We show how such designs can be constructed from terraces, which are building blocks for row-complete Latin squares. A round-dance neighbour design is equivalent to a Tuscan square in which the reverse of each row is also a row. Terraces for the cyclic group of order n are used to construct elegantly patterned round-dance neighbour designs for n2 m + 1 objects for any positive integer m.
Introduction
In 1892, Lucas [19, pp. 162-166] posed the Children's Round-Dance Problem which requires v children, where v is odd, to dance successively in (v − 1)=2 rings, each involving all the children, formed so that each child has each of the others as a neighbour, whether on the right or left, in exactly one ring. The problem is equivalent to ÿnding a Hamiltonian decomposition of the complete graph K v on v vertices. Colbourn [9] showed that the numbers of non-isomorphic Hamiltonian decompositions of K 7 and K 9 are 2 and 122, respectively, and that K 11 has 3140 non-isomorphic Hamiltonian decompositions with non-trivial automorphism groups. The literature of Hamiltonian decompositions was reviewed in 1990 in [1] .
In the terminology of cyclic systems (see, e.g., [26] ), solutions to the Children's Round-Dance Problem are v-cycle systems of order v and index 1. Further terminology for these solutions derives from the 1967 biometric paper of Rees [25] , which introduced the term neighbour design and which was the start of the modern combinatorial and statistical literature of neighbour designs in rings (circular blocks). The literature of such designs was reviewed in 1994 by Preece [21] , who called a solution to the Children's Round-Dance Problem a balanced-circuit Rees neighbour design with v = k, where k in general denotes the number of children (objects) per ring throughout a design with constant ring size. The present paper more concisely uses the term round-dance neighbour design (RDND) for a solution to the Children's Round-Dance Problem. Where we wish to indicate the number v of children (objects) in an RDND, we use the notation RDND(v).
This paper shows how RDNDs can be constructed from terraces [7] , which we introduce in Section 2. We also indicate how RDNDs are related to row-complete Latin squares and to Tuscan squares.
Round dances from symmetric sequencings
Let G be a ÿnite group of order n whose identity element is e. Let a be an arrangement (a 1 ; a 2 ; : : : ; a n ) of the elements of G, and let b be the sequence (b 1 ; b 2 ; : : : ; b n−1 ) deÿned by b i = a −1 i a i+1 for i = 1; 2; : : : ; n − 1. We call b i the quotient of a i and a i+1 . The arrangement a is called a terrace for G if b contains exactly one occurrence of each element x in G\{e} that satisÿes x = x −1 and if, for each x in G that satisÿes x = x −1 , one of the following holds:
• the sequence b contains exactly two occurrences of x but none of x −1 ; • the sequence b contains exactly two occurrences of x −1 but none of x; • the sequence b contains exactly one occurrence of each of x and x −1 .
If a is a terrace for G, then we call b its derived 2-sequencing. If each element of G\{e} occurs exactly once in the 2-sequencing b for a terrace a for G, then a is called a directed terrace for G and b its derived sequencing for G. If G is Z 2m where m is any positive integer, and we take addition as the group operation, a well-known directed terrace is (0; 1; 2m − 1; 2; 2m − 2; : : : ; m − 1; m + 1; m); whose sequencing is (1; −2; 3; −4; : : : ; 4; −3; 2; −1); which is symmetric. We call this the Lucas-Walecki symmetric sequencing for Z 2m as it is the basis of the Lucas-Walecki construction [19, pp. 162-164] for RDNDs. Correspondingly, for n odd, we call (1; −2; 3; −4; : : : ; −4; 3; −2; 1) the Lucas-Walecki-Williams 2-sequencing for Z n (or, more concisely, the LWW 2-sequencing for Z n ) because Williams [29] introduced these 2-sequencings for both odd and even n in the context of cross-over trials. An alternative 2-sequencing for Z n with n odd is the Owens 2-sequencing (see [23, p. 146] and [24, p. If a is any sequence (a 1 ; : : : ; a t ) of elements of G, we deÿne the sequences a rev and ga for g in G by a rev = (a t ; : : : ; a 1 ) and ga = (ga 1 ; : : : ; ga t ). The new sequences are called the reverse of a and the left translate of a by g, respectively. If a is a directed terrace then so is ga and they have the same derived sequencing. A (directed) terrace a is called basic if a 1 = e: there is a unique basic directed terrace with a given derived sequencing.
A Latin square of order n is said to be row-complete if each of the n(n − 1) ordered pairs of distinct symbols occurs in adjacent positions in exactly one row [10, p. 80] . We use the notation RCLS(n) for such a square. An RCLS(n) can be obtained [10, pp. 83 , 97] from a directed terrace a for G by using the left translates of a, in any order, as the rows of the square. A Latin square is said to be row-reversible if c rev is a row of the square whenever c is.
Theorem 1. Let a be a directed terrace for a group G. The row-complete Latin square L whose rows are the left translates of a is row-reversible if and only if the derived sequencing b of a is symmetric. If b is symmetric then G has a unique element h of order 2 and the reverse of the row ga is the row gha.
Proof. No row of a Latin square can be its own reverse, because its entries are distinct. If L is row-reversible, then G has even order 2m. Let g 1 and g 2 be elements of G such that (g 1 a) rev = g 2 a, and put h = g As the proof shows, if G has a symmetric sequencing b then G has order 2m for some m and G must have a unique element h of order 2, which is necessarily in the centre of G: then b m = h. Such a group is called a -group [5] (the term binary group is also sometimes used [20] ).
A design in linear blocks is called equi-neighboured [18] or neighbour-balanced [28] if every object is neighbour to every other object equally often, whether on the right or on the left. Such designs were introduced by Williams [30] . Kiefer and Wynn [18] observed that such a design for 2m objects in m linear blocks of size 2m can be constructed from a row-reversible row-complete Latin square of order 2m by using one of each pair of reverse rows. Theorem 1 therefore shows that such a design can be constructed directly from a directed terrace whose derived sequencing is symmetric. This method was used in [8] for the group Z 2m . The successive rows are obtained by developing the initial row cyclically, modulo 6. Rows 4, 5 and 6 are, respectively, the reverses of rows 1, 2 and 3. The pairs of elements at the opposite ends of rows have the form {g; g + 3} for g in Z 6 . DÃ enes and Keedwell [10, Theorem 9.1.1] and Aza s [6] pointed out that a neighbourbalanced design for n objects in linear blocks could be converted into a neighbourbalanced design for n + 1 objects in circular blocks by inserting a new object ∞ between the two ends of each block to produce a ring. Thus, given a row-reversible row-complete Latin square of order 2m, we can obtain an RDND(2m + 1) from it by pairing each row with its reverse, taking one row from each pair, putting a new symbol ∞ at the end of each row, and joining the two ends of each row to form a ring. For example, the ÿrst three rows of the Latin square in Example 2 give an RDND(7) with three rings (each written linearly within square brackets) as follows: This RDND(7) can indeed be obtained by developing the ÿrst ring cyclically, modulo 6, for a half-cycle, with ∞ invariant. More generally, the Lucas-Walecki symmetric sequencing for Z 2m can be used to yield an RDND(2m + 1) obtainable by developing the initial ring
cyclically, modulo 2m, to produce a total of m rings.
These observations lead to the following general construction.
Construction 1.
Given any symmetric sequencing b for a group of order 2m with unique element h of order 2, construct an RDND(2m + 1) as follows. Let a be the basic terrace whose derived sequencing is b; insert ∞ between the two ends of a to produce an initial ring as described above; take left translates of this ring by elements g 1 ; : : : ; g m from distinct cosets of h .
Thus one way to obtain more solutions to the round-dance problem is to ÿnd more symmetric sequencings in -groups. Much work related to this has been done; Gordon [16] showed that all Abelian -groups have symmetric sequencings, and Anderson and Ihrig [5] indicated that all soluble -groups (except the quaternion group Q 8 ) and certain insoluble -groups have symmetric sequencings. Anderson and Ihrig further conjectured [5] that all -groups except the quaternion group Q 8 have symmetric sequencings.
Our approach relies on the following theorem taken from [2] , which uses the more general idea of projections. Let H be a normal subgroup of a group G, and let be the natural homomorphism from G onto G=H . If (a 1 ; : : : ; a t ) is any sequence of elements of G then ( (a 1 ); : : : ; (a t )) is called its projection onto G=H . Theorem 3. Let G be a -group of order 2m with e being its identity element and h its unique element of order 2. Let be the natural homomorphism onto G=H , where H = h . If a is a basic directed terrace for G whose derived sequencing b is symmetric, then ( (a 1 ); : : : ; (a m )) is a basic terrace for G=H with derived 2-sequencing ( (b 1 ); : : : ; (b m−1 )). Moreover, if c is a basic terrace for G=H , then there are exactly 2 (m+f−1)=2 basic terraces for G whose sequencings are symmetric and whose projections onto G=H are (c; c rev ), where f is the number of elements of order 2 in G=H .
Given G, H and , we shall call ( (a 1 ); : : : ; (a m )) the half-projection of a terrace a for G, and ( (b 1 ); : : : ; (b m−1 )) the half-projection of a symmetric sequencing b of G. Correspondingly, a and b are called lifts of their half-projections.
We need to use the construction of Theorem 3, and modiÿcations of it, so we explain it here. To see how the correspondence arises, suppose that we have a 2-sequencing b of G=H . Lift this to a sequence of m − 1 distinct elements of G as follows. Here y denotes an element of G=H so that there is an element x of G with y = xH = {x; xh}: Each of the lifts in Example 4 may be used, as described in Construction 1, to provide a cyclically developed RDND(11) whose initial ring is obtained by appending ∞ to a directed terrace corresponding to the symmetric sequencing. More generally, if m is odd then there are 2 (m−1)=2 lifts of each basic terrace of Z m to a directed terrace for Z 2m in which ∞ can be inserted to give the initial ring of an RDND(2m + 1) whose remaining m − 1 rings are then generated cyclically, modulo 2m. If m is even then there are 2 m=2 lifts but the procedure is otherwise the same. The group in Construction 1 does not need to be Abelian.
Example 5. Let G be the dicyclic group of order 12, that is,
The unique element of G with order 2 is u 3 , and G= u 3 is isomorphic to the symmetric group S 3 via the following isomorphism: e; u 2 3) (1 3 2) (1 2) ( 2 3) ( 1 3) Two basic terraces for S 3 are given in [7] . One is There are three elements of order 2 in S 3 , so there are 16 lifts of this 2-sequencing to a symmetric sequencing of G. This gives the following RDND (13):
This example provides an unfamiliar solution to the Ramsgate Sands Problem [11, pp. 147, 242, Miscellaneous Puzzle 100] which is merely the Children's Round-Dance Problem with v = 13.
In Section 5 we return to symmetric sequencings of Z 2m .
RDNDs from a further class of groups
For our next construction we take G to be a -group of order 2m with single involution h and identity element e. Let a, where a = (a 1 ; a 2 ; : : : ; a 2m ), be a terrace for G with derived 2-sequencing b, where b = (b 1 ; b 2 ; : : : ; b 2m−1 ). We consider the group G × Z 2 and write elements of this group g where g ∈ G and ∈ Z 2 . For example, if g and h are elements of G then gh 0 denotes (gh; 0). Construction 2 generalises a construction credited to Rodger in [22] ; the idea is to lift the 2-sequencing of G to something resembling a symmetric sequencing for G × Z 2 and then compensate for the problems caused by G × Z 2 having three elements of order 2 (h 0 , h 1 and e 1 ).
Construction 2. The construction is in three stages; the ÿrst gives us 8m rows of elements of G × Z 2 which have every pair of distinct elements occurring as neighbours four times, whereas each of the next two stages allows us to halve the number of remaining rows to arrive at 2m rows which have the required properties. Stage 2: As in Theorem 1 (with e 1 playing the role of h), the row g 0 c is the reverse of g 1 c, and g 0 c is the reverse of g 1 c for any g ∈ G, so pair each row with its reverse and choose one from each pair to give 4m rows. For notational convenience we suppose that the rows g 0 c and g 0 c are chosen.
Stage 3: Suppose that g 0 c has an adjacent (ordered) pair of elements with quotient x for some x ∈ G × Z 2 with x ∈ {e; h}. Then g 0 c also contains those elements as an adjacent pair. If x appears either before the ÿrst occurrence of h 0 or after the second occurrence of h 0 in d, then the pair in g 0 c will be in the same position as the pair in g 0 c. If x appears between the two occurrences of h 0 in d then the pair in g 0 c will be in the opposing position of g 0 c, that is, such a pair of elements occur in g 0 c in the same position as they occupy in the reverse of g 0 c. The rows g 0 c and gh 0 c both contain the same pairs of elements that have quotient h 0 , and g 0 c and gh 0 c both contain the same pairs of elements that have quotient h 1 . So for each set of rows {g 0 c; gh 0 c; g 0 c; gh 0 c} choose either {g 0 c; gh 0 c} or {g 0 c; gh 0 c} which gives 2m rows with the required properties. As in the previous constructions, append ∞ to the end of each row and take these rows to be circular to give the RDND(4m + 1). This example illustrates the following general result for using a Z 2m terrace to obtain an RDND(4m + 1). If G = Z 2m , the rings can be chosen so that an initial ring is developed cyclically in Z 2m and the subscripts (from Z 2 ) remain ÿxed from ring to ring except that, in passing from ring m to m + 1, all subscripts in positions x + 1; x + 2; : : : ; 2m − x are changed, where x is the position of the element of order 2 in the 2-sequencing for Z 2m .
Example 7. Let G be the quaternion group, denoted Q 8 [27] , that is,
The unique element of G that has order 2 is u 2 . A basic terrace for G, taken from [7] , is (e; u; w; uw; u 3 w; u 3 ; u 2 w; u 2 ) whose derived 2-sequencing is (u; u 3 w; u 3 ; u 2 ; u 2 w; u 3 w; u 2 w): Although Construction 2 takes G to be a -group, the same approach works with G a group of odd order and therefore with no element of order 2. In fact, in this case we obtain a construction equivalent to Construction 1 but viewed from a di erent angle. This is illustrated in the following example for Z 5 × Z 2 . In this way, given a terrace for Z m where m is odd, it is possible to obtain an RDND(2m + 1) in which the ÿrst ring contains ∞ and all of the elements from two (distinguishable) copies of Z m and subsequent rings are obtained by cyclic development modulo m. More generally, given a terrace for any group G of odd order m, it is possible to obtain an RDND(2m + 1) in which the ÿrst ring contains ∞ and all of the elements from two (distinguishable) copies of G and the subsequent rings are the left translates of the ÿrst ring by the non-identity elements of G.
RDNDs from Tuscan squares
A Tuscan square of order n (TS(n)) is an n × n array of n symbols arranged so that each symbol occurs exactly once in each row and so that each ordered pair of distinct symbols occurs exactly once in adjacent cells within some row [15] . A Tuscan square is also known as a row complete row-Latin square. If each row of a row-reversible TS(2m) starts with a di erent symbol, then we can construct an RDND(2m + 1) from it, just as we can from an RCLS(2m).
The following construction is equivalent to Etzion's "Construction G" [12] for a TS(4m). Let L, where L = (l i; j ), be an RCLS(2m). Then L is middle symmetric if l i; m ≡ l i; m+1 (mod m) for each i, where 1 6 i 6 2m; likewise L is edge symmetric if l i; 1 ≡ l i; 2m (mod m) for each i, where 1 6 i 6 2m. and obtain the next 2m − 1 rows by cyclically developing this row modulo 2m but keeping each column containing entries from only one of {0; 1; : : : ; 2m − 1} and {2m; 2m + 1; : : : ; 4m − 1}. Let B be a middle symmetric RCLS(2m) on the symbols {0; 1; : : : ; 2m − 1} and let C be an edge symmetric RCLS(2m) on the symbols {2m; 2m + 1; : : : ; 4m − 1} where the rows of B are ordered so that b i; m − c i; 1 = 2m for each i, where 1 6 i 6 2m. Complete T by putting the ÿrst m columns of B into the last 2m places of the ÿrst m columns of T , the last m columns of B into the last 2m places of the last m columns of T (so that the ÿrst and second halves of row i of B become parts of row 2m + i of T ) and the columns of C into the last 2m places of columns m + 1 to 3m of T (so that row i of C becomes part of row 2m + i of T ). Then T is a TS(4m).
It is easily checked that, if B and C are both row-reversible, then the square produced by Construction 3 is row-reversible and the ÿrst symbol of each of its rows is di erent. A row-reversible RCLS(2m) obtained from a symmetric sequencing of Z 2m (see Theorem 1) is both middle and edge symmetric; hence, we have a construction for an RDND(4m + 1).
Given a TS(n), we can obtain another TS(n) by appending a column, containing the same new symbol in each cell, to the left of the array, cyclically shifting each row so that a di erent symbol appears in each cell of the ÿrst column, and then deleting this new ÿrst column. This procedure is an add zero transformation. Etzion [12] showed that his Construction G produces a non-Latin Tuscan square, none of whose add zero transformations is Latin.
Example 9. The sequences (0; 1; 5; 2; 4; 3) and (0; 2; 1; 4; 5; 3) are directed Z 6 terraces with symmetric sequencings. Use the latter of them to construct an edge symmetric RCLS(6) C on the symbols {0; 1; : : : ; 5}. Use the former, with 0; 1; : : : ; 5 replaced by 6; 7; : : : ; 11, to construct a middle symmetric RCLS(6) B on the symbols {6; 7; : : : ; 11}, ordering the rows so that b i; 3 − c i; 1 = 6 for each i satisfying 1 6 i 6 6. Construction 3 then gives a row-reversible TS(12) which, in turn, gives the following RDND (13) 
Using other terraces with successive lifts
The Lucas-Walecki symmetric sequencing for Z 4 is (1; 2; 3). This may be lifted to the symmetric sequencing (1; 2; 3; 4; 5; 6; 7) for Z 8 . Continuing in this way gives us the where the section covers all the elements of the set {−p; −p + 1; : : : ; p}, the section ÿ covers all the elements of the sets {−(3p + 1); −3p; : : : ; −(p + 1)} and {p + 1; p + 2; : : : ; 3p}, and the section covers all the elements of the set {3p + 1; 3p + 2; : : : ; −(3p + 2)}. The ÿrst negated element lies "between" and ÿ and the second lies "between" ÿ and .
A similar argument works for n of the form 8p + 7.
Thus, with n = 11, we have the 2-sequencing which in turn can be used to produce, as described above, a very elegant initial ring for an RDND(15) developed cyclically modulo 14. We now proceed to arrive at the same conclusion by another route. Let n be an odd prime with n = 2s + 1, and let r be a non-square element of GF(n). Then [3, 4] Continuing in this way, we have a succession of symmetric sequencings in each of which, apart from the ÿrst three and last three terms, the entries come in sevens, with the + or − sign alternating from each run of seven to the next. Thus, we have the alternating septuples construction for RDND(v)s with v = 7:2 m + 1. More generally, we clearly have an alternating n-tuples construction for v = n2 m + 1 where n is any prime satisfying n ≡ 3 (mod 4). For the general construction, the entries in a symmetric sequencing for Z v−1 are the successive integers 1; 2; : : : ; v−2 with signs assigned as follows: the ÿrst (n − 1)=2 entries have +, then come n entries with −, then n entries with +, and so on, until the last (n−1)=2 entries which have +. Nothing as elegant as this can be obtained from lifts of the Owens 2-sequencing.
We now ÿnally consider a second special case. Let n be congruent to 3 or 5, modulo 8, but write n = 4p + where is an integer satisfying 0 ¡ ¡ 4. We can now [17, p. 128 The latter form of this 2-sequencing is especially elegant, as it consists of the elements 2; 4; : : :, in ascending order up to n − 1, then the negatives of the elements n − 2; n − 6; : : : ; 4 − , and then the remaining elements ; + 4; : : : ; n − 8; n − 4. Thus, a natural liftã ↑ ofã to Z 2n has the elegant symmetric sequencing 
Enumeration of group-based RDNDs
Using the deÿnitions of [21] , two RDNDs are "isomorphic" if one can be obtained from the other by permuting symbols, permuting rings, rotating rings or any combination of these. If we also allow reversing the direction of rings, then the two RDNDs are in the same "species". In the terminology of [9] two RDNDs in the same species are "isomorphic". We call "isomorphism" in the sense of [21] strong isomorphism and "isomorphism" in the sense of [9] weak isomorphism.
We say that an RDND is group-based for some -group G if the rings are left translates of a single initial ring of the elements of G ∪ {∞}. Automorphisms of a group-based RDND may be divided into two categories; those that map ∞ to ∞ and those that map ∞ to g for some g ∈ G.
We are interested here in ÿnding the number of group-based RDNDs that are pairwise non-weakly-isomorphic. It follows from Theorem 1 that all group-based RDNDs can be obtained from Construction 1.
Call two basic terraces essentially di erent if there is no group automorphism that maps one to the other. Let be an automorphism of the group-based RDND, with (∞)=∞; then | G is an automorphism of G, so two essentially di erent basic terraces that have symmetric sequencings give non-weakly-isomorphic RDNDs unless there is an automorphism of the RDND which maps ∞ to g for some g ∈ G.
Let h be the single element of order 2 in G and let H = h . Let t be the number of essentially di erent basic terraces of G=H ; let l be 2 (m+f−1)=2 where m = |G=H | and f is the number of elements of order 2 in G=H ; and let s be the number of essentially di erent basic directed terraces of G whose derived sequencings are symmetric. Then s = lt|Aut(G=H )|=|Aut(G)| as lt|Aut(G=H )| is the number of basic terraces with symmetric sequencings (via Theorem 3). Let s be the number of weak-isomorphism classes, then s 6 s.
A Latin square of order n is a Vatican square [14] if given two symbols x and y, then y appears i places to the right of x at most once for each i with 1 6 i 6 n − 1.
Let be an automorphism of a group-based RDND(2m + 1) with (∞) = g for some g ∈ G. As the RDND is constructed from a row-reversible Latin square, ∞ appears at distance i from each symbol, where 1 6 i 6 m. As is an automorphism, g must also appear at distance i from each symbol, where 1 6 i 6 m, and as the row-reversible Latin square is the Cayley table for G, this property must hold for all g ∈ G. It follows that our row-reversible Latin square is a Vatican square.
Suppose that 2m+1 ¡ 20. It is known [14] that if 2m+1 is prime then all symmetric sequencings of Z 2m that give a Vatican square are essentially the same and if 2m + 1 is composite there are no such symmetric sequencings for Z 2m . When G=H is one of Z 2 × Z 2 , S 3 , D 8 (the dihedral group of order 8) and Z 3 × Z 3 , it is straightforward to check (using [7] and Theorem 3) that there are no row-reversible Vatican squares based on G. So if |G| 6 18 then all row-reversible Vatican squares based on G come from symmetric sequencings that are essentially the same. Thus when 2m + 1 ¡ 20 we have s = s. Table 1 gives the number s of weak-isomorphism classes of group-based RDNDs for 2m + 1 symbols. Here D 2n is the dihedral group of order 2n, Q 4n is the dicyclic group of order 4n, S n is the symmetric group on n symbols, GL(n; q) is the general linear group of n × n matrices over the ÿeld GF(q) and Hol(G) is the holomorph [27, p. 210] of G. The number of essentially di erent basic terraces, t, for G=H is taken from [7] , though there the number of essentially di erent basic terraces for Z 3 × Z 3 is mistakenly given as 32.
The values of s for 2m + 1 ∈ {5; 7; 9; 11} tally with those of [9] , although in [9] no mention is made of whether an RDND(9) is based on Z 8 or Q 8 .
